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Universite´ d’Orle´ans-CNRS
April 2000
Abstract. In this survey, we study the relations between amenability (resp.
amenability at infinity) of C∗-dynamical systems and equality or nuclearity (resp.
exactness) of the corresponding crossed products.
1. Introduction
Recently, amenable transformation groups have attracted much attention in
connection with the Novikov conjecture for discrete groups, following the works
of Yu, Higson-Roe and Higson ([Yu],[HR],[Hi]). Therefore I was encouraged
to write down my simplified version of my paper [AD], where I studied the
relations between amenability of C∗-dynamical systems and nuclearity, as well
as equality, of the associated full and reduced crossed products.
These results are also contained in the monograph [ADR] that Jean Renault
and I have recently written on amenable groupoids. However, the proofs given in
Sections 2 and 3 below are intended to be more direct and more easily accessible
to readers unfamiliar with groupoids. Another advantage is that, when working
with transformation groups, one does not need any separability assumption on
the locally compact spaces.
In addition, as an immediate consequence of the techniques developed here,
it is shown in Section 4 that a discrete group is exact if and only if it admits
an amenable action on a compact space. For a nice self-contained proof of this
result we refer to [Oz].
These notes are part of a series of talks that I gave for the Instructional
Conference in Operator Algebras and Operator Spaces in Edinburgh during
the first two weeks of April 2000. The main results are Theorems 3.4 and 4.6.
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2. Amenable transformation groups
A transformation group is a left G-space X , where X is a locally compact
space, G is a locally compact group and (x, s) 7→ s.x is a continuous left action
from X ×G to X . Let us first introduce some notations. We denote by Cc(G)
the space of complex valued continuous functions with compact support on G,
and Prob(G) will be the set of probability measures on G, equipped with the
weak*-topology. Given f ∈ Cc(G), x ∈ G, m ∈ Prob(G) and s ∈ G, we set
(s.f)(x) = f(s−1.x), (s.m)(f) = m(s−1.f).
If g ∈ Cc(X ×G), then gx will be the map t 7→ gx(t) = g(x, t), and g(t) will
be the map x 7→ g(t)(x) = g(x, t). Finally, dt denotes the left Haar measure on
G.
2.1 Definition. We say that the transformation group (X,G) (or that the
G-action on X) is amenable if there exists a net (mi)i∈I of continuous maps
x 7→ mxi from X into the space Prob(G) such that
lim
i
‖s.mxi −ms.xi ‖1 = 0
uniformly on compact subsets of X ×G.
Such a net (mi)i∈I will be called an approximate invariant continuous mean
(a.i.c.m. for short).
Before giving examples, let us state several equivalent definitions.
2.2 Proposition. The following conditions are equivalent:
(1) (X,G) is an amenable transformation group.
(2) There exists a net (gi)i∈I of nonnegative continuous functions on X×G
such that
a) for every i ∈ I and x ∈ X, ∫
G
gxi (t)dt = 1;
b) limi
∫
G
|gs.xi (st) − gxi (t)|dt = 0 uniformly on compact subsets of
X ×G.
(3) There exists a net (gi)i∈I in Cc(X ×G)+ such that
a) limi
∫
G g
x
i dt = 1 uniformly on compact subsets of X;
b) limi
∫
G |gs.xi (st) − gxi (t)|dt = 0 uniformly on compact subsets of
X ×G.
Proof. (1) ⇒ (2). Let g ∈ Cc(G)+ such that
∫
g(t)dt = 1 and set
gi(x, s) =
∫
g(t−1s)dmxi (t).
By the Fubini theorem, we get
∫
gxi (t)dt = 1 for every x ∈ X and i ∈ I.
Moreover, for (x, s) ∈ X ×G we have∫
|gs.xi (st)− gxi (t)|dt =
∫
|
∫
g(u−1st)dms.xi (u)−
∫
g(u−1t)dmxi (u)|dt
=
∫
|
∫
g(u−1st)dms.xi (u)−
∫
g(u−1st)d(s.mxi )(u)|dt
≤
∫ ∫
g(u−1st)d|ms.xi − s.mxi |(u)dt
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where |ms.xi −s.mxi | is the total variation ofms.xi −s.mxi . Using again the Fubini
theorem we obtain the majoration
≤
∫
[
∫
g(u−1st)dt]d|ms.xi − s.mxi |(u) ≤ ‖ms.xi − s.mxi ‖1.
This tends to 0 uniformly on compact subsets of X ×G.
(2)⇒ (3). An easy approximation argument allows to replace the net (gi)i∈I
by a net in Cc(X ×G)+ satisfying conditions a) and b) of (3).
(3) ⇒ (2). Let (gi)i∈I as in (3) and choose g ∈ Cc(G)+ as above. Let us
define (gi,n) by
gi,n(x, s) =
gi(x, s) +
1
ng(s)∫
gi(x, t)dt+
1
n
.
Then (gi,n)(i,n)∈I×N∗ satisfies conditions a) and b) of (2).
(2)⇒ (1) is obvious: given (gi)i∈I as in (2), we definemxi to be the probability
measure with density gxi with respect to the left Haar measure. Then (mi)i∈I
is an a.i.c.m. 
2.3 Definition. A function h defined onX×G is said to be of positive type if for
every x ∈ X , every positive integer n and every t1, . . . , tn ∈ G, λ1, . . . , λn ∈ C
we have ∑
i,j
h(t−1i .x, t
−1
i tj)λiλj ≥ 0.
We denote by L2(G) ⊗ C0(X) the completion of Cc(X × G) endowed with
the norm
‖ξ‖2 = (sup
x∈X
∫
|ξ(x, t)|2dt)1/2.
Remark that L2(G)⊗C0(X) is a Hilbert C∗-module over the algebra C0(X) of
continuous functions vanishing at infinity, with scalar product
〈ξ, η〉(x) =
∫
ξ(x, t)η(x, t)dt,
and module structure defined by
(ξf)(x, s) = ξ(x, s)f(x).
For basic facts on Hilbert C∗-modules we refer to [La].
To every ξ ∈ L2(G)⊗ C0(X), we associate the coefficient (ξ, ξ) defined by
(ξ, ξ)(x, s) =
∫
ξ(x, t)ξ(s−1.x, s−1t)dt.
It is a continuous positive type function on X ×G, with compact support if ξ
is so. The following result is the analogue for transformation groups of a well
known result of Godement [Di, The´ore`me 13.8.6].
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2.4 Lemma. Let k be a continuous function of positive type on X × G, with
compact support. There exists ξ ∈ L2(G)⊗ C0(X) such that k = (ξ, ξ).
Proof. Let ρ(k) be the C0(X)-linear bounded endomorphism of L
2(G)⊗C0(X)
such that
(ρ(k)ξ)(x, s) =
∫
k(s−1.x, s−1t)ξ(x, t)dt
for every ξ ∈ L2(G) ⊗ C0(X). Since k is a positive type function, ρ(k) is a
positive operator. Let (fi)i∈I be an approximate unit of C0(X) and (ϕj)j∈J
be a standard approximate unit of L1(G) (i.e. made of nonnegative continuous
functions with compact supports in a basis of neighbourhoods of the unit of G).
We set
ξi,j = ρ(k)
1/2(fi ⊗ ϕj).
Then (ξi,j) is a Cauchy net in L
2(G) ⊗ C0(X), and if ξ denotes its limit, we
have
(ξ, ξ)(x, s) = lim
i,j
(ξi,j , ξi,j)(x, s)
= lim
i,j
fi(x)fi(s
−1.x)
∫ ∫
ϕj(t)ϕj(r)k(t
−1.x, t−1sr)dtdr
= k(x, s).

2.5 Proposition. The following conditions are equivalent:
(1) (X,G) is an amenable transformation group.
(2) There exists a net (ξi)i∈I in Cc(X ×G) such that
a) limi
∫ |ξi(x, t)|2dt = 1 uniformly on compact subsets of X;
b) limi
∫ |ξi(s.x, st) − ξi(x, t)|2dt = 0 uniformly on compact subsets
of X ×G.
(3) There exists a net (hi)i∈I of positive type functions in Cc(X×G) which
tends to 1 uniformly on compact subsets of X ×G.
Proof. (1) ⇒ (3). Let (gi)i∈I be a net in Cc(X ×G)+ which fulfills conditions
(a) and (b) of (3) in Proposition 2.2. Wet set ξi =
√
gi and hi = (ξi, ξi). Then
hi(s
−1.x, e) + hi(x, e)− 2hi(x, s) =
∫
|ξi(s−1.x, s−1t)− ξi(x, t)|2dt. (∗)
The inequality |a− b|2 ≤ |a2 − b2| for a, b ≥ 0 gives the majoration
∫
|ξi(s−1.x, s−1t)− ξi(x, t)|2dt ≤
∫
|gi(s−1.x, s−1t)− gi(x, t)|dt. (∗∗)
Since hi(x, e) =
∫
gi(x, t)dt, we see from (∗) and (∗∗) that (hi)i∈I goes to 1
uniformly on compact subsets of X ×G.
The implication (3)⇒ (2) follows immediately from Lemma 2.4 and (∗). We
just have to observe that the elements of L2(G)⊗C0(X) can be approximated
by elements of Cc(X ×G).
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(2) ⇒ (1). Let (ξi)i∈I as in (2) and set gi = |ξi|2 for i ∈ I. Using the
Cauchy-Schwarz inequality and the inequality
||a|2 − |b|2| ≤ (|a|+ |b|)|a− b|,
we get
∫
|gi(s.x, st)− gi(x, u)|dt
≤ [
∫
(|ξi(s.x, st)|+ |ξi(x, t)|)2dt]1/2 × [
∫
|ξi(s.x, st)− ξi(x, t)|2dt]1/2
≤ [(
∫
|ξi(s.x, t)|2)1/2 + (
∫
|ξi(x, t)|2dt)1/2]× [
∫
|ξi(s.x, st)− ξi(x, t)|2dt]1/2.
This last term goes to 0 uniformly on compact subsets of X ×G. 
2.6 Remark. Obviously, when X and G are σ-compact, we may replace nets by
sequences in the above statements.
2.7 Examples. (1) IfX is reduced to a point, our definition of amenability, un-
der the form given Proposition 2.2, is the existence of a net (ki)i∈I of continuous
nonnegative functions such that limi
∫
ki(t)dt = 1 and s 7→
∫ |ki(st) − ki(t)|dt
goes to 0 uniformly on compact subsets of G; it is essentially Reiter’s condition
(P1) [Gre, page 44]. The equivalent condition given in Proposition 2.5 (3),
namely the existence of a net (hi)i∈I of continuous positive type compactly
supported functions converging to 1 uniformly on compact subsets of G is es-
sentially the weak containment condition introduced by Godement [Gre, page
61].
(2) IfG is an amenable group, every transformation group (X,G) is amenable.
Indeed, given (ki)i∈I as in (1) above, we define mi to be the constant map on
X whose value is the probability measure with density ki with respect to the
left Haar measure. Then (mi)i∈I is an a.i.c.m.
Note that if (X,G) is amenable and if X has a G-invariant probability mea-
sure µ, then G is an amenable group. Indeed, let us consider a net (gi)i∈I as
in Proposition 2.2 (3), and set ki(t) =
∫
gi(x, t)dµ(x). Then (ki)i∈I has the
properties stated in (1), and therefore G is amenable.
(3) For every locally compact group G, its left action on itself is amenable.
Indeed, let us choose a nonnegative function g ∈ Cc(G)+, such that
∫
g(t)dt = 1
and set mx(f) =
∫
f(t)g(x−1t)dt for every x ∈ G and every f ∈ Cc(G). Then
x 7→ mx is continuous from G into Prob(G) and msx = s.mx for every (x, s) ∈
G×G.
Such an action, having a continuous invariant system of probability measures,
is called proper. This is equivalent to the usual properness of the map (x, t) 7→
(x, t.x) from X ×G into X ×X (see [ADR, Cor. 2.1.17]).
(4) Let F2 be the free group with two generators a and b. The boundary
∂F2 is the set of all infinite reduced words ω = a1a2 . . . an . . . in the alphabet
S = {a, a−1, b, b−1}. There is a natural topology on ∂F2 for which ∂F2 is the
Cantor discontinuum, and F2 acts continuously to the left by concatenation.
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The transformation group (∂F2,F2) is amenable. Indeed, for n ≥ 1 and ω =
a1a2 . . . an . . . , define
mωn({t}) =
1
n
if t = a1 . . . ak, k ≤ 1
n
,
= 0 otherwise.
Then (mn)n≥1 is an a.i.c.m.
More generally, every hyperbolic group Γ acts amenably on its Gromov
boundary ∂Γ. This was first proved by Adams [Ad], by showing that for
every quasi-invariant measure µ on ∂Γ, the measured transformation group
(∂Γ,Γ, µ) is amenable in the sense of Zimmer. This is equivalent to the (topo-
logical) amenability of (∂Γ,Γ) defined in these notes (see [ADR, Th. 3.3.7]).
More recently, Germain has given a direct proof by constructing explicitly an
approximate invariant mean [ADR, Appendix B].
(5) Another convenient way to show that transformation groups are amenable
is to use the invariance of this notion by Morita equivalence [ADR, Th. 2.2.17].
Let us consider for instance a locally compact groupG and two closed subgroups
H and K. Then the left H-action on G/K and the right K-action on H \ G
are Morita equivalent. If K is an amenable group, it follows that (G/K,H) is
an amenable transformation group.
3. Amenability and crossed products
Let us recall first a few facts on crossed products. We refer to [Pe, Chap. 7]
for more details.
3.1 Definitions. Let G be a locally compact group. A G-C∗-algebra is a
C∗-algebra endowed with a continuous action α of G. Specifically, α is a ho-
momorphism from G to the group of automorphisms of A, such that for a ∈ A
the map s 7→ αs(a) is norm continuous. We shall often write s.a for αs(a).
A covariant representation of the G-C∗-algebra A is a pair (pi, σ) where pi
and σ are representations of A and G respectively in a Hilbert space H , such
that
σ(s)pi(a)σ(s)−1 = pi(s.a)
for every a ∈ A, s ∈ G.
We denote by Cc(G,A) the space of continuous functions with compact sup-
port from G to A, equipped with the product
f ∗ g(s) =
∫
f(t)αt(g(t
−1s))dt
and the involution
f∗(s) =
αs(f(s
−1))∗
∆(s)
where ∆ is the modular function of G.
Given a covariant representation (pi, σ), we set, for f ∈ Cc(G,A),
(pi × σ)(f) =
∫
pi(f(t))σ(t)dt ∈ B(H).
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Then pi × σ is a representation of the involutive algebra Cc(G,A). The full
crossed product C∗(G,A) is the completion of Cc(G,A) with respect to the
norm
‖f‖ = sup
(pi,σ)
‖(pi × σ)(f)‖
where (pi, σ) ranges over all covariant representations of A.
Note that pi × σ extends to a representation of C∗(G,A) and that every
non-degenerate representation of C∗(G,A) arises in this way.
We now view the vector space Cc(G,A) as a right A-module in the obvious
way and define on it the A-valued scalar product
〈f, g〉A =
∫
f(t)∗g(t)dt.
As we did previously for A = C0(X), we denote by L
2(G) ⊗ A the Hilbert
C∗-module over A obtained from Cc(G,A) by completion. The C
∗-algebra of
A-linear bounded operators on L2(G)⊗A admitting an adjoint will be denoted
by EndA(L
2(G)⊗A). We define an involutive homomorphism
Λ : Cc(G,A)→ EndA(L2(G)⊗A)
by the formula
Λ(f)ξ(s) =
∫
αs−1(f(t))ξ(t
−1s)dt,
and the reduced crossed product C∗r (G,A) is the closure of Λ(Cc(G,A)).
Given a non-degenerate representation pi : A → B(H), the Hilbert space
L2(G,A) ⊗A H will be identified to L2(G,H) by the map sending f ⊗ ξ to
t 7→ pi(f(t))ξ. Denote by λ the left regular representation of G into L2(G) and
by p˜i the representation of A into L2(G,H) such that
p˜i(a)ξ(t) = pi(αt−1(a))ξ(t), ∀a ∈ A, ∀t ∈ G.
Then (p˜i, λ ⊗ 1H) is a covariant representation of the G-C∗-algebra A. We
denote by p˜i × λ (instead of p˜i × (λ ⊗ 1H)) the corresponding representation
of C∗(G,A), said to be induced by pi. If pi is a faithful representation, then
b 7→ Λ(b) ⊗A 1H is a faithful representation of C∗r (G,A) which coincides with
p˜i×λ on Cc(G,A). It follows that C∗r (G,A) is a quotient of C∗(G,A) and that
every induced representation passes to the quotient.
Let (X,G) be a transformation group; the C∗-algebra C0(X) of continuous
functions on X vanishing at infinity is a G-C∗-algebra, with s.f(x) = f(s−1.x)
for s ∈ G, x ∈ X, f ∈ C0(X). The corresponding crossed products will be
denoted by C∗(X×G) and C∗r (X×G) respectively. When X is reduced to a
point, we get the full and reduced C∗-algebras of G, denoted by C∗(G) and
C∗r (G) respectively.
If G is a discrete group, note that C0(X) ⊂ C∗r (X×G). We denote by
λ(s) every s ∈ G viewed as a unitary of C∗r (G) and also as an element of the
multiplier algebra M(C∗r (X×G)). Then for ϕ ∈ C0(X), λ(s) ∗ ϕ and ϕ ∗ λ(s)
will denote the obvious products in M(C∗r (X×G)), and belong to C∗r (X×G).
In the proof of our main theorem 3.4, we shall need the following lemma.
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3.2 Lemma. Let G be a discrete group, and let P : C∗r (X×G)→Mn(C) be a
completely positive map. Given ε > 0, ϕ ∈ C0(X) and a finite subset F ⊂ G,
there exists a completely positive map P˜ : C∗r (X×G)→Mn(C) such that
(1) ‖P (ϕ ∗ λ(s) ∗ ϕ)− P˜ (ϕ ∗ λ(s) ∗ ϕ)‖ ≤ ε for every s ∈ F ;
(2) s 7→ P˜ (φ ∗ λ(s) ∗ ψ) has a finite support for every φ, ψ ∈ C0(X).
Proof. Since P is a completely positive map, by the Stinespring dilatation theo-
rem there exist a representation ρ of C∗r (X×G) into Hρ and vectors e1, . . . , en ∈
Hρ such that for a ∈ C∗r (X×G),
P (a) = [〈ei, ρ(a)ej〉] ∈Mn(C).
Let us choose a faithful representation pi of C0(X) in a Hilbert space H . Since
p˜i × λ is a faithful representation of C∗r (X×G) into l2(G,H), given η > 0 there
exist a multiple (p˜i×λ)⊗ 1K of this representation (that is p˜iK timesλK , where
piK = pi⊗1K and λK = λ⊗1H⊗K ), and vectors ξ1, . . . , ξn in l2(G,H⊗K) such
that
|〈ei, ρ(ϕ ∗ λ(s) ∗ ϕ)ej〉 − 〈ξi, (p˜iK × λK)(ϕ ∗ λ(s) ∗ ϕ)ξj〉| < η
for s ∈ F , i, j ∈ {1, . . . , n}. Moreover the ξi’s may be chosen with finite support.
Since
〈ξi, (p˜iK × λK)(φ ∗ λ(s) ∗ ψ)ξj〉 = 〈p˜iK(φ)ξi, λK(s)p˜iK(ψ)ξj〉
where p˜iK(φ)ξi and p˜iK(ψ)ξj have finite support, it follows that the map
a 7→ P˜ (a) = [〈ξi, (p˜iK × λK)(a)ξj〉]
satisfies the required properties, provided η is small enough. 
3.3 Definitions. Let X be a locally compact space. A C0(X)-algebra is a
C∗-algebra A equipped with a morphism from C0(X) into the center Z(M(A))
of the multiplier algebra of A, such that C0(X)A = A.
Let (X,G) be a transformation group. A G-C0(X)-algebra is a G-C
∗-algebra
A which is also a C0(X)-algebra and satisfies the compatibility condition
s.(fa) = (s.f)(s.a), ∀f ∈ C0(X), a ∈ A, s ∈ G.
3.4 Theorem [AD]. Let (X,G) be a transformation group, and consider the
following conditions :
(1) (X,G) is amenable.
(2) For every G-C0(X)-algebra A, C
∗
r (G,A) = C
∗(G,A).
(3) For every nuclear G-C0(X)-algebra A, C
∗
r (G,A) is nuclear.
(4) C∗r (X×G) is nuclear.
Then (1) ⇒ (2) ⇒ (3) ⇒ (4). Morever (4) ⇒ (1) if G is discrete.
Proof. (1) ⇒ (2). Let (pi, σ) be a covariant representation of the G-C∗-algebra
A in H . We show that pi × σ is weakly contained in the representation p˜i × λ.
Let (ξi) be a net as in Proposition 2.5 (2). Given ξ ∈ H , we define, for t ∈ G,
ηi(t) = σ(t
−1)pi(ξi(t))ξ.
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Here ξi(t) ∈ Cc(X) is viewed as an element of Z(M(A)), and pi is extended to
M(A). For f ∈ Cc(X ×G), a straightforward computation gives
〈ηi, (p˜i × λ)(f)ηi〉 =
∫
〈ηi(s), pi(αs−1 (f(t))ηi(t−1s)〉dsdt
=
∫
〈pi(hi(t))ξ, pi(f(t))σ(t)ξ〉dt
where hi(x, s) =
∫
ξi(x, t)ξi(s
−1.x, s−1t)dt. Since (hi) goes to 1 uniformly on
compact subsets of X ×G, we have
lim
i
〈ηi, (p˜i × λ)(f)ηi〉 = 〈ξ, (pi × σ)(f)ξ〉.
Therefore pi × σ is weakly contained in p˜i × λ, and (2) is proved.
(2) ⇒ (3). Let B be a C∗-algebra. Since A⊗B is a G-C0(X)-algebra in an
obvious way, we have
C∗r (G,A) ⊗B = C∗r (G,A⊗B) = C∗(G,A⊗B)
by (2). Moreover A⊗B = A⊗max B because A is nuclear. It follows that
C∗r (G,A)⊗B = C∗(G,A⊗max B) = C∗(G,A) ⊗max B
= C∗r (G,A) ⊗max B,
and therefore C∗r (G,A) is nuclear.
(3) ⇒ (4) is obvious.
Assume now that G is discrete and let us show that (4) ⇒ (1). Given ε > 0
and a compact subsetK×F ofX×G, we will prove the existence of a compactly
supported positive type function h such that
sup
(x,s)∈K×F
|h(x, s) − 1| ≤ ε.
Let ϕ be a continuous function with compact support on X , with values in [0, 1]
such that ϕ(x) = 1 for x ∈ K ∪ F−1K. Given s ∈ G, define ϕs by
ϕs(x, t) = 0 if t 6= s,
ϕs(x, s) = ϕ(s.x).
We view ϕs as an element of the Hilbert C
∗-module l2(G) ⊗ C0(X).
Now consider a completely positive contraction Φ : C∗r (X×G)→ C∗r (X×G)
which factorizes through a matrix algebra : Φ = Q ◦P where P : C∗r (X×G)→
Mn(C) and Q : Mn(C) → C∗r (X×G) are completely positive contractions.
Define
h(x, s) = 〈ϕs,Φ(ϕ ∗ λ(s) ∗ ϕ)ϕe〉(s−1.x).
A straightforward computation shows that
h(s−1.x, s−1t) = 〈ϕs−1 ,Φ(ϕ ∗ λ(s−1t) ∗ ϕ)ϕt−1 〉(x),
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and therefore h is a positive type function since Φ is completely positive.
Since C∗r (X×G) is nuclear, we may choose Φ such that
‖Φ(ϕ ∗ λ(s) ∗ ϕ)− ϕ ∗ λ(s) ∗ ϕ‖ ≤ ε/2
for every s ∈ F . Then
sup
x∈X
|h(x, s)− 〈ϕs,Λ(ϕ ∗ λ(s) ∗ ϕ)ϕe〉(s−1.x)| ≤ ε/2
for s ∈ F . Now we have
〈ϕs,Λ(ϕ ∗ λ(s) ∗ ϕ)ϕe〉(s−1.x) = ϕ(x)2ϕ(s−1.x)2 = 1
for (x, s) ∈ K × F . The only point is that h needs not have a compact sup-
port, but using Lemma 3.2, we construct a compactly supported positive type
function h˜ such that sup
(x,s)∈X×F
|h˜(x, s) − h(x, s)| ≤ ε/2. Indeed, we choose a
completely positive map P˜ : C∗r (X×G)→Mn(C) such that
‖P (ϕ ∗ λ(s) ∗ ϕ)− P˜ (ϕ ∗ λ(s) ∗ ϕ)‖ ≤ ε/2
for every s ∈ F and such that s 7→ P˜ (ϕ ∗ λ(s) ∗ ϕ) has a finite support. Then
we consider Φ˜ = Q ◦ P˜ and we set
h˜(x, s) = 〈ϕs, Φ˜(ϕ ∗ λ(s) ∗ ϕ)ϕe〉(s−1.x).
Note that h˜(x, s) = ϕ(x)Φ˜(ϕ ∗ λ(s) ∗ ϕ)ϕe〉(s−1.x, s) has already its support in
(Suppϕ)×G. 
3.5 Remark. The implication (4) ⇒ (1) is false when G is not discrete. In-
deed, Connes proved in [Co] that C∗(G) is nuclear for every connected locally
compact separable group.
On the other hand, for every locally compact group G, we have C∗r (G) =
C∗(G) if and only if G is amenable [Pe, Th. 7.3.9]. We do not know, even for
a discrete group G, whether C∗r (X×G) = C∗(X×G) implies the amenability of
the transformation group.
4. Exactness and amenability at infinity
4.1 Definition. We say that a locally compact group G is amenable at infinity
if it admits an amenable action on a compact space X .
4.2 Examples. (1) An amenable locally compact group is amenable at infinity:
one can take X reduced to a point.
(2) A discrete groupG which is hyperbolic in the sense of Gromov is amenable
at infinity since its action on its Gromov boundary is amenable.
(3) Every closed subgroup H of a connected Lie group G is amenable at
infinity. Indeed, G possesses a closed amenable subgroup K such that G/K is
compact. Then (G/K,H) is an amenable transformation group.
Let us assume now that G is a countable discrete group. We give a charac-
terization of amenability at infinity of G which only invokes G. A set TF of the
form {(s, t) ∈ G×G : s−1t ∈ F}, where F is a finite subset of G, will be called
a tube.
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4.3 Proposition. Let G be a countable discrete group. The following condi-
tions are equivalent:
(1) G is amenable at infinity.
(2) The action of G on its Stone-C˘ech compactification, extending the left
multiplication, is amenable.
(3) C∗r (βG×G) is nuclear.
Proof. Of course we have (3) ⇔ (2) ⇒ (1). Now, assume that there exists an
amenable transformation group (X,G) with X compact. Choosing x0 ∈ X ,
the map s 7→ s.x0 from G to X extends to a continuous map p : βG → X ,
by the universal property of the Stone-C˘ech compactification. Since p is G-
equivariant, given an a.i.c.m. (mi)i∈I for (X,G), the net of maps y 7→ mp(y)i
defines an a.i.c.m. for (βG,G). 
An easy reformulation of Propositions 2.2 and 2.5 in this context, gives the
following useful characterization.
4.4 Proposition. Let G be a countable discrete group. The following condi-
tions are equivalent:
(1) G is amenable at infinity.
(2) There exists a sequence (gn)n≥1 of nonnegative functions on G×G with
support in a tube such that
a) for each n and each s,
∑
t∈G gn(s, t) = 1;
b) limn
∑
u∈G |gn(s, u)− gn(t, u)| = 0, uniformly on tubes.
(3) There exists a sequence (ξn)n≥1 of functions on G×G with support in
a tube such that
a) for each n and each s,
∑
t∈G |ξn(s, t)|2 = 1;
b) limn
∑
u∈G |ξn(s, u)− ξn(t, u)|2 = 0, uniformly on tubes.
(4) There exists a sequence (hn)n≥1 of bounded positive type functions on
G×G with support in a tube such that limn hn = 1, uniformly on tubes.
Proof. To go from Propositions 2.2 and 2.5 to the above statement and con-
versely, we just need a simple change of variables, and we also use the universal
property of βG. Assume for instance the existence of a sequence (hn) as in (4)
above. For (s, t) ∈ G×G, we set kn(s, t) = hn(s−1, s−1t). Now, for every fixed
t ∈ G, we extend s 7→ kn(s, t) to a continuous function on βG. In this way
we get a continuous function with compact support on βG × G. For x ∈ G,
t1, . . . , tk ∈ G, we have
kn(t
−1
i x, t
−1
i tj) = hn(x
−1ti, x
−1tj).
It follows that (kn) is a net of continuous positive type functions on βG × G
with compact support. Morever for every finite subset F ⊂ G we have
sup
(x,t)∈βG×F
|kn(x, t)− 1| = sup
(x,t)∈G×F
|kn(x, t)− 1|
= sup
(x,t)∈G×F
|hn(x−1, x−1t)− 1|
= sup{|hn(s, t)− 1| : (s, t) ∈ G×G, s−1t ∈ F}.
Therefore (hn) goes to one uniformly on compact subsets of βG × G. The
converse is even easier and the other assertions are proved in the same way. 
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4.5 Definition [KW]. We say that a locally compact group G is exact if for
every G-equivariant exact sequence
0 −→ I −→ A −→ A/I −→ 0
of G-C∗-algebras, the sequence
0 −→ C∗r (G, I) −→ C∗r (G,A) −→ C∗r (G,A/I)) −→ 0
is exact.
Recall also that the corresponding sequence with the full crossed products
instead of the reduced ones is automatically exact. For the basic facts on exact
C∗-algebras, we refer to [Wa].
4.6 Theorem. Let G be a locally compact group and consider the following
conditions :
(1) G is amenable at infinity.
(2) G is exact.
(3) For every exact G-C∗-algebra B, the crossed product C∗r (G,B) is an
exact C∗-algebra.
(4) C∗r (G) is an exact C
∗-algebra.
Then (1) ⇒ (2) ⇒ (3) ⇒ (4). Moreover, if G is discrete, then (4) ⇒ (1), and
therefore all these conditions are equivalent.
Proof. (1) ⇒ (2). Assume that (Y,G) is an amenable transformation group
with Y compact. Let 0 → I → A → A/I → 0 be a G-equivariant exact
sequence of G-C∗-algebras. Then
0→ C(Y )⊗ I → C(Y )⊗A→ C(Y )⊗A/I → 0
is obviously a G-equivariant exact sequence of G-C(Y )-algebras, when these
algebras are endowed with the diagonal G-actions. The corresponding sequence
0→ C∗(G,C(Y )⊗ I)→ C∗(G,C(Y )⊗A)→ C∗(G,C(Y )⊗A/I))→ 0
of full crossed products is exact. On the other hand by Theorem 3.4, the full
and reduced crossed products are the same. Then we obtain the following
commutative diagramm
0 −→ C∗red(G, I)
ir−−−−→ C∗red(G,A)
qr−−−−→ C∗red(G,A/I) −→ 0yφI
yφA
yφA
0→ C∗red(G,C(Y, I)) −−−−→ C∗red(G,C(Y,A)) −−−−→ C∗red(G,C(Y,A/I))→ 0
where the bottom line is exact and the vertical arrows are the inclusions induced
by the corresponding G-equivariant embeddings of I, A and A/I into C(Y, I),
C(Y,A) and C(Y,A/I) respectively.
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Let us show that the first line is exact in the middle. Let a ∈ C∗red(G,A)
such that qr(a) = 0. Then we have φA(a) ∈ C∗red(G,C(Y, I)). Given an approx-
imate unit (uλ) for I, the net (φI(uλ)) is an approximate unit of multipliers of
C∗red(G,C(Y, I)). It follows that
φA(a) = lim
λ
φI(uλ)φA(a) = lim
λ
φI(uλa) ∈ φI(C∗r (G, I)),
and thus a ∈ C∗r (G, I) since φA is injective.
(2) ⇒ (3). Let B be an exact G-C∗-algebra and 0→ I → A→ A/I → 0 be
a short exact sequence. Then
0→ I ⊗B → A⊗B → A/I ⊗B → 0
is an exact sequence of G-C∗-algebras where G acts trivially on the first com-
ponent of each tensor product. By (2),
0→ C∗r (G, I ⊗B)→ C∗r (G,A⊗B)→ C∗r (G,A/I ⊗B)→ 0
is an exact sequence, and we just have to observe that it coincides with the
following one:
0→ I ⊗ C∗r (G,B)→ A⊗ C∗r (G,B)→ A/I ⊗ C∗r (G,B)→ 0.
(3) ⇒ (4) is obvious. Assuming now that G is discrete, the proof of (4) ⇒
(1) works as that of (4) ⇒ (1) in Theorem 3.4 and is in fact easier since X
is here reduced to a point. By Kirchberg’s characterization of exactness (see
[Ki] or [Wa]), there exists a sequence (Φk = Qk ◦ Pk) of unital completely
positive maps from C∗r (G) into B(l2(G)), where Pk : C∗r (G) → Mnk(C) and
Qk : Mnk(C) → B(l2(G)) are unital and completely positive, such that for
every a ∈ C∗r (G), limk Φk(a) = a.
For (s, t) ∈ G×G, we set
hk(s, t) = 〈δs−1 ,Φk(λ(s−1t))δt−1〉,
(δs)s∈G being the canonical orthonormal basis of l
2(G). Obviously, (hk) is a
sequence of bounded positive type kernels on G×G which tends to 1 uniformly
on tubes. Using Lemma 3.2 with X reduced to a point, we may replace (hk)
by a sequence of functions which, in addition, have their support in tubes. 
4.7 Remarks. More generally (4) implies (1) for every locally compact group
whose unit has a basis of neighbourhoods which are invariant by inner auto-
morphisms. We do not know whether (4) implies (1) for every locally compact
group nor even if (2) implies (1).
For G discrete, the equivalence between (2) and (4) is a result of Kirchberg
and Wassermann [KW], and the equivalence between conditions (4) and (1)
was also observed by Ozawa [Oz].
Let us end these notes by a proof of the known fact [Yu] that the finitely
generated groups which are amenable at infinity are uniformly embeddable into
Hilbert spaces.
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4.8 Definition. A function f : X → Y between metric spaces is a uniform
embedding if for every R > 0 there exists S > 0 such that
d(x1, x2) ≤ R⇒ d(f(x1), f(x2)) ≤ S,
d(f(x1), f(x2)) ≤ R⇒ d(x1, x2) ≤ S.
4.9 Proposition. Let G be a finitely generated group, endowed with the length
function l associated to the choice of a finite set of generators. Assume that
G is amenable at infinity. Then G, equipped with the metric defined by l is
uniformly embeddable into a Hilbert space.
Proof. Consider a sequence (ξn) of kernels on G × G, with support in tubes
such that
a) ∀n ≥ 1, ∀s ∈ G,
∑
t∈G
|ξn(s, t)|2 = 1,
b) ∀n ≥ 1, sup{
∑
u∈G
|ξn(s, u)− ξn(t, u)|2 : (s, t) ∈ G×G, l(s−1t) ≤ n} ≤ 1
n2
.
For s ∈ G, ξsn will denote the element t 7→ ξn(s, t) of l2(G). Let us take
H = l2(G)⊗ l2(N∗) and consider the map
s 7→ f(s) = ⊕n≥1(ξsn − ξen)
from G into H . Then we have
‖f(s)− f(t)‖2 =
∑
k
‖ξsk − ξtk‖22
and if l(s−1t) ≤ n, we have
‖f(s)− f(t)‖2 ≤ 4n+
∑
k>n
1
k2
.
Conversely, let ψ(n) be an integer such that for 1 ≤ p ≤ n,
Supp ξp ⊂ {(s, t) : l(s−1t) ≤ ψ(n)}.
In particular, if l(s−1t) > 2ψ(n) we have
Supp ξsp ∩ Supp ξtp = ∅ for 1 ≤ p ≤ n,
and thus ‖ξsp − ξtp‖22 = 2. It follows that if ‖f(s) − f(t)‖ <
√
2n, we have
l(s−1t) ≤ 2ψ(n). 
4.10 Remark. In a recent paper [Gro], Gromov has announced the existence
of finitely generated discrete groups which are not uniformly embeddable into
Hilbert spaces, and therefore are not exact.
4.11 Definition. Let (X,G) be a locally compact transformation group with
X and G locally compact. We say that (X,G) is amenable at infinity if there
exists an amenable transformation group (Y,G) with a proper surjective G-
equivariant map p : Y → X .
In this framework, where G-C∗-algebras have to be replaced by G-C0(X)-
algebras, we get a statement similar to that of Theorem 4.4.
AMENABILITY AND EXACTNESS 15
4.12 Theorem. Let (X,G) be a transformation group, and consider the fol-
lowing conditions :
(1) (X,G) is amenable at infinity.
(2) For every G-C0(X)-equivariant exact sequence
0 −→ I −→ A −→ A/I −→ 0
of G-C0(X)-algebras, the sequence
0 −→ C∗r (G, I) −→ C∗r (G,A) −→ C∗r (G,A/I)) −→ 0
is exact.
(3) For every exact G-C0(X)-algebra B, the crossed product C
∗
r (G,B) is an
exact C∗-algebra.
(4) C∗r (X×G) is an exact C∗-algebra.
Then (1) ⇒ (2) ⇒ (3) ⇒ (4). Moreover, if G is discrete, then (4) ⇒ (1), and
therefore all these conditions are equivalent.
More generally, there is a notion of locally compact groupoid amenable at
infinity. This will be the subject of a forthcoming joint work with Jean Renault.
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